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In the paper all homomorphisms of a 2-D de Bruijn-Good graph with order (m + 1, n) over 
an arbitrary set to a 2-D de Bruijn-Good Graph with order (m, n) are given, the 
automorphism group of a 2-D de Bruijn-Good Graph is determined and it is shown that there 
are exactly six 2” to 1 homomorphisms of a 2-D de Bruijn-Good Graph with order (m + 1, n) 
over the finite field IF, to a 2-D de Bruijn-Good Graph with order (m, n). 
The 2-D de Bruijn-Good Graphs are related to 2-D de Bruijn Arrays (i.e. 
perfect maps) and Pseudo-Random Arrays. Recently 2-D de Bruijn Arrays and 
Pseudo-Random Arrays have received some attention, because these arrays can 
be used in two-dimensional range-finding, scrambling, various kinds of mask 
configurations in communication and coding. In this paper we give all homo- 
morphisms of a 2-D de Bruijn-Good Graph with order (m + 1, n) over an 
arbitrary set M to a 2-D de Bruijn-Good Graph with order (m, n), determine all 
2” to one homomorphisms of such graphs over the finite field lFz and obtain the 
automorphism group of a 2-D de Bruijn-Good Graph over M. 
Let m, n be positive integers. Let M be an arbitrary set. The de Bruijn-Good 
Graph over M with dimension 2 and order (m, n) is the digraph with vertex set V 
consisting of all m x n matrices over M, i.e. 
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and with arc set the union of two sets El and E2 where 
i.e. El is the set of all arcs joining A, to A2 where the last 12 - 1 columns of A, are 
the first at - 1 columns of A,, E2 is the set of all arcs joining Bl to B, where the 
last m - 1 rows of Bl are the first m - 1 rows of B2. We shall use the terminology 
‘arcs of type Ei (i = 1, 2)‘. This diagraph is denoted by G,,,(M) (or just G,,,) 
and called a 2-dimensional or 2-D de Bruijn-Good Graph with order (m, n). 
Let C#J be a mapping from G,,,+l,, to G,,,,. C#J is called a homomorphism of 
G m+l,n to G,,, if r#~ is a mapping from the vertex set of Gm+l,n to the vertex set of 
G, that preserves arcs, i.e. for each arc (Al+A2) E Ei = Ei(G,+l,,) also 
(g(i,)+ @(AZ)) EEi=Ei(Gm,,) with i = 1, 2. C$ is called a 2” to one homo- 
morphism of G,+r,, (IF,) to Gn,n(52), h w ere F2 is the finite field with elements 0 
and 1, if C#I is a homomorphism of G,+l,,(F2) to G,,,,(F,), mapping 2” vertices of 
G m+l,n(F2) to one vertex of G,,,(F2). 
Let 9 be a mapping from G,,,(M) to itself. # is called an automorphism of 
G,,,(M) if C#I is a bijection on the vertex set V and arc set and preserves arcs, i.e. 
for each arc (A, -AZ) E Ei = Ei(G,,,) also ($(A,)+ @(AZ)) E Ei = Ei(Gm,,) with 
i = 1,2. Clearly all the automorphism of G,,,(M) form a group under composi- 
tion. We denote it by Aut(G,,,(M)) (or just Aut(G,,J). 
The main result of the paper is to determine all homomorphisms of G,+,,,(M) 
to G,,,(M), to show that there are exactly six 2” to one homomorphisms of 
G m+~,nFz) to Gw(~2) and to prove Aut(G,,,(M) = S,, where S, is the 
symmetric group of the set M. 
For convenience, sometimes we denote by (al tz2. . . a,) the matrix with 
columns ul, u2,. . . , a,; and by (6, bz-*- b,)T the matrix with rows 
b:, b:, . . . , b:, where T denotes the transpose. 
Let A = (al u2. . . a,) be a matrix of size m + 1 by n over M, where 
aj=(alia2i...a,+li)T.ByM”, we shall mean the Cartesian product of M with itself 
n times. Let 4 be a homomorphism of G,+,,,(M) to G,,,(M). We denote the 
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image of A under 9 by 
444) := df,(A)f,(A) - - *fn(A)), i.e. 
#(A) : = U&I az * * - 4 - + *Lb a2. . . a,)), 
where 
fi : (Mm+‘)n + Mm. 
If (ai a.2 * * - a,)+ (a2 . * * a, x) is an arc of type El then the image must also be 
an arc of type El, i.e. $(a, u2. . . an)+ ($(a2 - - - a, x) E El. This implies that 
A@2 * * . u, x) =ff+&.q u2 * - * a,), 1 sj s It. (*) 
Now ( *) implies that A does not depend on the last variable and J+i does not 
depend on the first variable. Since this is true for 1 <j < IZ we find 
that in fact there is a functionf : Mm+‘+ M” such that for 1 c j G n 
J(4 a2. . .%I) =f(“j)* 
Applying the same argument to arcs of type E2 (again induction) 
there is a function F : M2-+ M such that 
f(x) = (F(x,, ~2)F(x2> -4 . . . F(.L G,+I))=, 
by induction 
we find that 
where x = (xi x2 . - - x,+JT. It is easy to check that each such function F indeed 
yields a homomorphism. If M = IF2 and we require the homomorphism to be 2” to 
1, then F must take the value 0 and 1 two times. There are (4) = 6 such functions, 
namely: 
4(x,, x2) = XI, WI, x2) = ~2, 4(x,, x2) =x1 + ~2, 
F4(x1,x2)=x1+1, F5(x1,x2)=x2+1, FG(x1,x2)=x1+x2+1. (1) 
Therefore we have the following theorems. 
Theorem 1. Let m, n be positive integers, M an arbitrary set and @ u mapping 
from G,+,,,(M) to G,,,(M). Then + is a homomorphism from G,,,+,,,(M) to 
G,,,(M) iff there in a function F : M2 + M such thut $~((a,~)) = (F(u,~, ui+v)), i.e. 
i 
a11 a12 ... Ql, 
9 
a21 u22 -*- a2n 
. . . 
j 
\a,+11 am+12 - -- am+ln/ 
( 
F(a 111 a21) F(a 129 a22) 
F(u21, 4 F(u22, 42) 
= 
. . . 
F(GI, G+II F(am29 ~+12) 
for all A = (uij) E V(G,+JM)). 
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Theorem 2. Let m, n be positive integers and [F2 thefinitefield with elements 0 and 
1. Then there are exactly six 2” to 1 homomorphisms of G,+,,,([F,) to G,,,,([F2). 
They are #i and D$i, i = 1, 2, 3, where 
all aI ... al, 
$1 
a21 a22 .-- a2n 
= 
. . . 
a,+11 am+12 . .- am+ln 
all aI ... al, 
a21 a22 . *. aZn 
. . . 
kll am2 . . . amn 
a21 a22 ... 
. . . ( 
all aI ... aI, 
$2 
a21 a22 a-* a2n 
. . . 
1 
= 
a,+11 am+12 * * f am+ln 
a2n 
ad a m2 * * * amn 
a,+11 am+12 *. - am+ln 
I all aI **- al, a21 a22 *** a2n 
‘\ . . . a,+11 am+12 f *. am+ln 
i 
alI + a21 al2 + a22 
a21 + a31 a22 + a32 = 
. . . 4, + a2n 
. . . a2n + a3n , 
\a,1 + a,+11 am2 + am+12 . . . amn + am+ln 
and D is the dual automorphism of G,,,,([F,) 
/ 41 al2 --a al, 
H 
all+ 1 a,,+1 -a* al,+1 
a21 + 1 a2*+1 --* a%+1 = 
. . . 
a,,+1 a,,,+1 -1. a,,+1 
D 
\ 
a21 a22 -em a2n 
. . . 
ad am2 * * * amn 
In other words we get $I by taking out the last row of the (m + 1) + n matrix, G2 
by taking out the first row of the (m + 1) x n matrix, $r3 by adding each two 
adjacent rows of the (m + 1) x n matrix. 
Proof. By Theorem 1 and (1) 
$k((aij)) = (Fk(aij9 ai+ij))9 
D#k((aij)) = (fG+k(aij, ai+lj)), k = 172, 3. 0 
Theorem 3. Let m, n be positive integers and M an arbitrary set. Then 
Avt(G,,,(M)) = SW, where S, is the symmetric group of the set M. 
Proof. Applying a similar argument as above to automorphisms of G,,,(M) we 
find that 9 is an automorphism of G,,,,(M) iff there is a permutation F of M such 
that $((aij)) = (F(arj)). We can write # = c#J~. The mapping I;+ c#rr gives the 
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isomorphism of the symmetric group S M of M to the automorphism group 
Aut(G,,AW) of G,AW 0 
Notice that the automorphism group of G,,,(M) and homomorphisms of 
G ,+i,,(M) to G,,,(M) do not depend on their order (or ‘size’), but only depend 
on the set M. 
For IZ = 1 there is an arc of type El between any two vertices of G,,,(M). In 
this case we only consider the arc set E, and write G,,,(M) = G,,,(M). Then 
G,([F,) is the well-known de Bruijn-Good Graph. 
Corollary 1. There are only two automorphisms of G,,,(ff,): the identity mapping 
and the dual automorphism (see [3]). 
Corollary 2. The six homomorphisms in Theorem 2 are exactly all homomorph- 
i.~ms of the de Bruijn-Good Graph G,,,+,(lFJ to G,,,([F,) which are given in [3]. 
Remark. The homomorphism & in Theorem 2 is a generalization of Lempel’s 
homomorphism which is given in [ 11. 
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